In this paper, we obtain a complete classification of smooth toric Fano varieties equipped with extremal contractions which contract divisors to curves for any dimension. As an application, we obtain a complete classification of smooth projective toric varieties which can be equivariantly blown-up to Fano along curves.
Introduction
Toric Fano d-fold X is a smooth projective toric d-fold whose anti-canonical divisor −K X is ample. Toric Fano d-folds are classified for d ≤ 4 (see Batyrev [2] , Oda [9] , Sato [11] and ).
On the other hand, Bonavero [3] classified toric Fano d-folds equipped with extremal contractions which contract divisors to points for any d. As a next step for this result, in this paper, we obtain a complete classification of toric Fano d-folds equipped with extremal contractions which contract divisors to curves for any d (see Section 4) . Moreover, similarly as in Bonavero [3] , we can classify smooth projective toric d-folds which can be equivariantly blown-up to Fano along curves for any d (see Section 5) .
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Primitive collections and primitive relations
In this section, we review the concepts of primitive collections and primitive relations.
They are very useful. See Batyrev [1] , [2] , Casagrande [5] , [6] and Sato [11] more precisely.
For fundamental properties of the toric geometry, see Fulton [7] and Oda [9] . Let P = {x 1 , . . . , x m } be a primitive collection of Σ. Then, there exists a unique cone σ(P ) in Σ such that x 1 + · · · + x m is contained in the relative interior of σ(P ), because X is complete. So, we get an equality
where y 1 , . . . , y n are the generators of σ(P ), that is, σ(P ) ∩ G (Σ) = {y 1 , . . . , y n }, and a 1 , . . . , a n are positive integers. We call this equality the primitive relation of P . Thus, we obtain an element r(P ) in A 1 (X) for any primitive collection P ∈ PC(Σ), where
is the group of 1-cycles on X modulo rational equivalences. We define the degree of P as
The following is important. [10] ) Let X be a smooth projective toric variety and Σ the corresponding fan. Then
where NE(X) is the Mori cone of X.
A primitive collection P is called an extremal primitive collection when r(P ) is contained in an extremal ray of NE(X). In particular, if deg P = 1 for a primitive collection P ∈ PC(Σ), then P is an extremal primitive collection. We review some important results about toric Fano d-folds, primitive collections and primitive relations in Casagrande [5] , [6] and Sato [11] . They are necessary for the classification.
Proposition 2.5 (Casagrande [5] , Sato [11] ) Let X be a smooth projective toric dfold, Σ the corresponding fan and P a primitive collection of Σ with primitive relation
. . , y n } ⊂ G (Σ) and a 1 , . . . , a n ∈ Z >0 . If P is extremal, then, for any P ′ ∈ PC(Σ) such that P ∩ P ′ = ∅ and P = P ′ , the set (P ′ \ P ) ∪ {y 1 , . . . , y n } contains a primitive collection.
Proposition 2.6 (Casagrande [6] ) Let X be a toric Fano d-fold and Σ the corresponding fan. Suppose that {x, (−x)} ∈ PC(Σ). Then, for a primitive collection P = {x, y 1 , . . . , y m } ∈ PC(Σ) containing x such that P = {x, (−x)}, its primitive relation is
. . , z m } is also a primitive collection of Σ and its primitive relation is
These primitive relations are extremal. We close this section by giving the following fundamental definition and proposition.
Definition 2.9 Let X be a smooth complete toric d-fold and Σ the corresponding fan. Σ is called a splitting fan if P ∩ P ′ = ∅ for any distinct primitive collections P, P ′ ∈ PC(Σ) Proposition 2.10 (Batyrev [1] ) Let X be a smooth complete toric d-fold and Σ the corresponding fan. Then, Σ is a splitting fan if and only if there exists a sequence of smooth complete toric varieties
such that ψ i is a toric projective space bundle structure for 1 ≤ i ≤ r, while X r+1 is a projective space.
Classification
In this section, we give the classification of toric Fano d-folds equipped with extremal contractions which contract divisors to curves. Since toric Fano d-folds are classified for d ≤ 4, we assume d ≥ 5 throughout this paper.
Let X be a toric Fano d-fold, Σ the corresponding fan and ϕ : X → Y an extremal contraction which contracts a divisor E to a curve. We use this notation throughout this section. Since E is a toric prime divisor on X, we have
by Theorem 2.8. On the other hand, since ϕ(E) is isomorphic to P 1 , we have ρ(E) = 2.
Therefore, the above inequalities are
So, we consider the classification for these four cases separately. Let
be the extremal primitive relation corresponding to ϕ, where (I) ρ(X) = 2.
Kleinschmidt [8] showed that the fan of a smooth complete toric d-fold of Picard number 2 is a splitting fan. Therefore, in this case, X is a P 2 -bundle over a P d−2 . So, we can easily determine the corresponding fan (see Section 4).
(II) ρ(X) = 3.
Smooth projective toric d-folds of Picard number 3 are classified in Batyrev [1] . There are explicit descriptions of fans as follows. (1) Σ is a splitting fan.
(2) # PC(Σ) = 5.
Moreover, in the case of (2), there exists (p 0 , p 1 , p 2 , p 3 , p 4 ) ∈ (Z >0 ) 5 such that the primitive relations of Σ are
where
Using this theorem, we can determine fans completely (see Section 4).
This case is the main part of the classification. First, we need the following proposition. 
and the extremal primitive relation
is the del Pezzo surface of degree 7.
To prove Proposition 3.2, we need the following lemmas.
Lemma 3.3 Let P ∈ PC(Σ) be a primitive collection. Then, the following hold.
(
Proof. We prove the case of (1). The other cases are similar.
Suppose that x ∈ P . Since x 1 + · · · + x d−1 = αx is an extremal primitive relation, (P \ {x 1 , . . . , x d−1 }) ∪ {x} contains a primitive collection by Proposition 2.5. However, this is impossible, because (P \ {x 1 , . . . , x d−1 }) ∪ {x} is a proper subset of the primitive collection P . So, we have x ∈ P . q.e.d.
then there exists w ∈ P \ {x 1 , . . . , x d−1 } such that {x, w} is a primitive collection.
Proof. By Proposition 2.5, (P \ {x 1 , . . . , x d−1 }) ∪ {x} contains a primitive collection.
On the other hand, obviously, there does not exist a primitive collection contained in
Proof of Proposition 3.2.
Suppose that there exists a primitive collection P ∈ PC(Σ) such that P ∩ {x 1 , . . . ,
We may assume P = S ∪ {x 1 , . . . , x l } for 1 ≤ l < d − 1. We have to consider the following three cases.
x = u 1 . By Lemma 3.4, u 3 ∈ P or v 1 ∈ P . For the case u 3 ∈ P , we have u 2 ∈ P and v 1 ∈ P by (2) and (4) in Lemma 3.3. Moreover, we have v 2 ∈ P , since S does not contain any primitive collection. So, we have S = {u 3 }. Similarly, we have S = {v 1 } for the case
Suppose that S = {u 3 }. Since u 1 + u 3 = u 2 is an extremal primitive relation, Suppose that S = {v 1 }. Since u 2 + v 1 = u 3 is an extremal primitive relation, {u 3 , x 1 , . . . , x l } contains a primitive collection by Proposition 2.5. This is impossible as above.
Similarly as in the case x = u 1 , there exist three possibilities S = {v 1 },
Suppose that S = {v 1 } or S = {v 2 }. These cases are impossible by the similar argument as in the case x = u 1 .
Let S = {u 1 , v 2 }. Since u 2 + v 2 = 0, there exist two primitive relations
by Proposition 2.6, where {w 1 , . . . , w l+1 } ⊂ G (Σ). Since #{u 2 , w 1 , . . . , w l+1 } ≥ 3, we have {w 1 , . . . , w l+1 } ∩ {x 1 , . . . , x d−1 } = ∅. This contradicts (1) in Lemma 3.3.
x = u 3 . We can prove that this case is also impossible by the similar argument as in the case x = u 2 .
Therefore, there does not exist a primitive collection other than
Thus, X is an S 7 -bundle over P d−2 . q.e.d. Now, we return to the classification. We have G (Σ) = {x 1 , . . . , x d−1 , x, y 1 , y 2 , z 1 , z 2 }. P 1 = {x, z 1 } and P 2 = {x, z 2 } are primitive collections. It is sufficient to consider the classification for the following four cases.
(1) deg P 1 = deg P 2 = 1.
(2) x + z 1 = 0 and x + z 2 = y 1 .
(3) x + z 1 = 0 and x + z 2 = z 1 .
(4) x + z 1 = 0 and x + z 2 = x 1 .
(1) deg So, X is an S 7 -bundle over P d−2 by Proposition 3.2.
(2) x + z 1 = 0 and x + z 2 = y 1 . Obviously, {x, y 1 , y 2 } contains a primitive collection.
Suppose that {x, y 1 , y 2 } is a primitive collection. Since x+z 2 = y 1 is an extremal primitive relation, {y 1 , y 2 } is a primitive collection by Proposition 2.5. This is a contradiction. So, {y 1 , y 2 } is a primitive collection.
is also an extremal primitive relation. So, {y 2 , z 2 } is a primitive collection by Proposition 2.5. Suppose that y 1 +y 2 = 0 and y 2 +z 2 = 0. Then, (−y 1 ), (−z 2 ) ∈ G (Σ), and hence we have the primitive relations y 1 + y 2 = (−z 2 ) and y 2 + z 2 = (−y 1 ) by Proposition 2.7. Therefore, {y 1 , y 2 }, {y 1 , z 1 } and {y 1 , (−y 1 )} are distinct primitive collections.
So, we have ρ(X) − ρ(D 1 ) = 3, where D 1 is the toric prime divisor corresponding to y 1 .
By Theorem 2.8, X has an S 6 -bundle structure. This is impossible.
If y 1 + y 2 = 0, then we have the primitive relations
If y 2 + z 2 = 0, then we have the primitive relations
By Proposition 3.2, X is an S 7 -bundle over P d−2 .
(3) x + z 1 = 0 and x + z 2 = z 1 . Since x + z 2 = z 1 is an extremal primitive relation, we have a contradiction by Proposition 2.5. So, this case is impossible.
(4) x + z 1 = 0 and x + z 2 = x 1 . {x, y 1 , y 2 } contains a primitive collection. Suppose that {x, y 1 , y 2 } is a primitive collection. By Proposition 2.6, we have two extremal primitive relations
where {w 1 , w 2 } ⊂ G (Σ) and w 1 = w 2 . By Proposition 2.5, we have z 2 ∈ {w 1 , w 2 }, because {x, z 2 } is a primitive collection. Therefore, {w 1 , w 2 } ⊂ {x 1 , . . . , x d−1 }. Let w 1 = x i and X is an X ′ -bundle over P 1 .
Thus, we obtain the following theorem.
Theorem 3.5 Let X be a toric Fano d-fold of Picard number 4. If there exists an extremal contraction from X which contracts a divisor to a curve, then X is either an S 7 -bundle over P d−2 or an X ′ -bundle over P 1 , where X ′ is a toric Fano (d − 1)-fold equipped with an extremal contraction which contracts a divisor to a point.
